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Dynam_ics of macromolecular populations : a mathematical model
of the quantitative changes of RNA in the silkgland during

the last larval instar.

Alain PAVE.

Résumé.

Le modeéle de Volierra-Kostitzin est utilisé
pour l'analyse de l'évolution quantitative des
BNA dans la glande séricigéne de Bombyx mori
au cours du dernier dge larvaire. On propose
d'associer & ce modéle un mécanisme global
traduisant notamment la synthése et la dégra-
dation de ces macromolécules. Les méthodes
numériques et siatistiques d‘utilisation du mo-
déle sont exposées en appendice.

Les variations des quantités de RNA total
(essentiellement ribosomiques) ont été compa-
rées aprés traitement (hormone juvénile) et
entre différentes souches. On note l'importance
du terme de dégradation. qui explique & lui
seul la plupart des différences enregistirées,
alors que la synthése reste relativement stable.

Ces observations peuvent mener & une inter-
prétation moléculaire de I'effet d'une sélection
portant sur I'augmentation de la production de
soie : plutét qu’augmenter la productivité de la
machinerie cellulaire, la dégradation aqurait été
limitée,

Introduction.

Very oflen, when mathematical modelling of
dynamics of macromolecules is needed, approa-

ches  derived  from  Biochemical  kinelies are
altempled. However frequently the lack of data
and the Tormal expression of the model itsell
(often nonlinear and complex with many unk-
nown  parameters) make them  difficult 1o use.

Furthermore many hypothesis have to be assumed
on involved mechanisms this last characteristic
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Summary.

The quantitative changes of RNA in the silk-
gland of Bombyx mori have been studied during
the last larval instar by using a mathematical
model (Volterra-Kostitzin model). This model can
be associated with a global mechanism includ-
ing synthesis and degradative processes. The
numerical and statistical methods used for mo-
del analysis are described in an appendix.

Thus we have compared the accumulation of
total RNA (essentially ribosomal) after a treat-
ment (juvenile hormone) and between several
strains. The importance of the degradative fac-
tor is denoted to explain the observed diffe-
rences., whereas the synthesis rates remain
relatively stable.

The last observation may lead us to an inter-
pretation of the molecular effect of a selection
to increase silk production: rather than an
increase of the productivity of cellular machi-
nery, the degradative process has been limited.

Key words : Mathematical model, Biochemistry,
Biometry, Silkworm, RNA.

is in fact their principal property : they are con-
sidered as models of knowledge in the precise
sense,

Thus we have thought that an olher point of
view is possible, even desirable, il consists 1o
chose a class of dynamical models in the field of
dynamics ol populations. Such an approach is
based on the assumption that macromolecules can
be looked like individuals of populations, in the
ceological sense [1]. If 'we consider on the one
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hand the types of interactions between these mo-
lecules, which include eventual transitions, and
on the other hand the number of involved « indi-
viduals », conlinuovs time models scem (o be
adapted, al least for a first approach, particularly
models chosen in the general framework defined
by Lotka [2] and Volterra [3].

These models are related to a kind of mass
action law (i.e, densily dependent models, in eco-
logy). That is to say that in a mixture of indivi-
duals of dilferent species, the variations rates of
(uantities, or densities or concentralions, is pro-
portionnal to theses quantities, or densities, or
concenlrations. We have shown in a previous
paper that such models can be not only conside-
red as representative (or descriptive) ones, bul
also how a <« global » mechanism can be infered
from these equations [4], and we have proposed
to give a schematic picture of such mechanisms
by using a «chemical representation », thus we
call these scheme equivalent mechanism in the
same sense that equivalent circuit in electronic
science.

We consider also modelling as an approach
defined on the basis of objectives and dala struc-
tures. So a class of model, then a particular one,
must be chosen on such considerations. In our
case, both a global mechanism representation and
comparisons between different experiments were
nceded, moreover if we consider experimental
data (cf. section 2), it appears that the above men-
tionned class of models could provide a good tool
in respect with such constraints, even it is not
the only possible way, In fact we have developed
some quantitative aspecls to reach our objectives
as il is shown in section 3 and in appendix,

We have proposed an integro-diflential model
to analyse RNA accumulation on the basis of expe-
rimental data which show an increase of RNA
quantities following by a decrease at the end of
the last larval instar, This model has been pre-
viously proposed by Kostitzin [51 1o sludy dyna-
mics of some cellular populations, and it appears
as a good descriplive model of such phenoniena.
We shall attempt to show that it can be also a
tool for data analysis and for global mechanism
analysis at the molecular level. This model can be
included in the general framework of Volterra set
of equations so we call it the Voleterra-Kostitzin
model. We shall refer to the works of Fournier
[61 and Prudhomme [7], where a first approach
to the use of the Volterra-Kostitzin model in this
field has been already attempled. We shall com-
pare the quantitative changes of total RNA quan-
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tities between worms treated with juvenile hor-
mone and untreated worms for the strain G124 %
5124 (cf. section 2.1.), and finally the differences
of RNA changes between several strains (cf sec-
tion 2.2) in relation with silk production. In spite
of the limited number of data, some important
phenomena are detected, particularly the signifi-
cance of the degradative term, which appears as
the most sensitive one to an external action.

1. CHARACTERISTICS OF EXPERIMENTAL
MODEL BUTILDING AND ANALYSIS.

RESULTS-

Details concerning experimental features can
be found in original papers [6, 7, 8], Thus we
just consider data properties in the goal of a
modelling approach :

— the measures are the amounts of RNA at
definite times along the 5% larval instar in glands,
denoted q(t,) or q,. Note that we have only one
‘ariable observed in a complex system.

— for each experiment, data are not numerous
(8 to 15 points),

—— a datum is in fact an average obtained from
several worms (approx. 20),

Then if we denote g(t;) the expected value of
amount of RNA at time t;, we assume that

qlt) = qlt) + e

(i.e. the real measure is the expected value plus
an error term ey).

¢; Is a gaussian variable of zero mean and of
standard deviation g, independent of time. In fact
this last term is the sum of measure errors and of
interindividual variability.

The experimental results are summarized in
figure 1 and 2, If we consider the shape of the
curves it is easy to see that a possible model to
represent it, in the general framework of Volterra
set of differential equations, in respect with the
limited number of observed strate variable {only
one), has been already proposed by Kostitzin /5
in dynamics of cellular populations (micro-orga-
nisms and embryonic development) :

dg(t)

il
= a ((t) — b ¢*(t) — ¢ q(t)/ qii)dt
dt Jo

(1)
a, b and e are constant.

When a and e are positive the solutions of that
cquation have the same shape that the observed
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BRNA evolution. However before to acceptl this
model it is necessary to answer the following
questions :

Can this formula be related to a possible
« mechanism » ?

Is it possible to find estimalions of parame-
ters a, b and ¢ from experimental data ?

1.1. Global mechanism.

The set of Volterra models is in fact bilinear,
even multilinear, differential equations. But (1)
can be written :

dg
" = aq — by? - eqP
dt
(2)
dp
dt *

Then a global mechanism can be proposed (4) :

a
(i) q = 2q
b

C
(i) q=>q + P (4 ...) (3)
L3

(iii) q + P = P (+ ...)

Note that ¢ is a complex parameter which is in
fact the product of two terms :

c =¢ X ¢

where ¢ is the rate of prolein synthesis, and e,
the rate of the degradation of RNA by the degra-
dative factor P,

Then formula (2) can be written

dq
= = aq - - bg® — c,qP
dt
4
dp W
—_—
dt i

Obviously that picture is not a set of real bio-
chemical reaction but a symbolical scheme which
gives some  global transitions or interactions.
Then it can be interpreted :

(i) is a picture of a limited autoreproduclion
of ¢ (i.e. RNA). Obviously as these molecule are
not known to be auloreproductive, this «reac-
tion » can be seen as a summary of the limited
autoreproduction of DNA and of a kind of feed-
back action of enzymes which catalyze RNA syn-
thesis (ef. Fournier [6]).
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(ii) concerns the production of a faclor « P 3
which interacts with the RNA to degrade it in
(iii). P can be interpreted as a degradative
cnzyvime, in the circumstance the RNAase,

The last remark leads lo consider that RNA
accumulation can be explained, at this level, with-
oul considering complex mechanisms on regula-
lion of RNAuse synthesis (such as repression and
derepression) the own dynamics of the process
is sufficienl. The detection of RNAase aclivity at
the beginning of this inslar confirms that lasl
hypothesis [10],

In spite of the proposed formula is a rough
model, we nole thal it summarizes globally the
synthetical activities relutively to RNA popula-
tions : RNA production with reaction (i), and pro-
teins synthesis with reaction (ii) particularly the
synthesis of RNAase, and a degradative process
represented by the reaction (iii).

1.2, Model use : estimation and comparison
of parameters.

As one of our objectives is Lo compare results
between different experiments, the problems of
parameters estimation (i.e. to find values of para-
meters) and of comparison of these estimations
arise. The details of the methods used can be
found in appendix. Here we just give the general
scheme of our work,

The estimations of parameters, from experi-
mental dala, have been obtained by minimizing
the least squares function :

n
S() = . )

1=

(qt0 — )2

=l

0 is the vector of parameters (i.e, § = )

o

q,
n is the number of data, g, is the initial value

of (.

o

It was assumed that P, = 0. The importance of
this last constrainl has been studied, we have
found that it introduces a bias in estimalion of
parameler a, but this systematical error can he
neglected when we consider the variability of the
related estimator,

To solve the problem of minimization of S we
have used a special procedure adapled to dynami-
cal systems where explicit solutions are not
known (cf. Appendix § 1). We have also conside-



266 A. Pavé.

ved statistical properties of estimalions in the goul
of testing  parameter values between  different
experiments (¢f. Appendix § 2).

2. ANALYSIS OF EXPERIMENTAL RESULTS,

We have analysed two sets of experimental
data, The first one involves quantitative changes
of tolal RNA (where ribosomal RNA represents
S0 per cent of the total) induced by a juvenile
hormone treatment, and the second one collects
results found in literature with a goal of compa-
ring several strains of silkworm.

2.2.1. Action of an analogue
of the juvenile hormone.

The experiment led us to compare treated and
untreated worms to see if that hormone has an
aclion at the studied molecular level (note that
the treatment has been applied during the three
first days of the last instar). The results, summa-
rized in the figure 1, show an increase of the
RNA production correlated with an increase of
the duration of this instar for treated worms [8].

total RNA
mg/ 2 glands
A
10
=
“»
7 - \\
N
-
\\
% treated
untreated ‘\\:vorms
worms '

’ -
o t(days)

1. 1. — Total RNA.
Effect of juvenile hormone on dynamics of tolal RNA.

The analysis of data, on the basis of the Vol-
lerra-Kostitzin model, shows (cf. tables T and II) :

that the rale of synthesis remains remar-
kubly constant,
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na significant difference between the values
of the autolimitation term b, in spite of a
greal variation of the absolute values,

- only the degradative termm ¢ seems to be im-
porlant to explain the difTerence of the accu-
mulation of total RNA.

As the estimation of parameters has included
dala on the treatment period, we have done an
other compulalion slarting al the end of this
period, then the previous resulls have been con-
firmed : the found values do not differ significan-
tly (cf. table 1 [5]).

Thus we can conclude thal the juvenile hor-
mone action has a wide effect, even out of the
treatment period, which seems to be associaled
esscnlially with the degradative process. How-
ever, to have a more precise discussion we shall
examine these results with the following ones.

2.2 Comparison of tolal RNA variations belween
several slrains,

To compare sufficiently numerous data, we
have used results from three origins : [7, 9], and
the above mentioned ones on treated and untrea-
ted worms. Figure 2 depicts a simultancous repre.
senlation of all data. Il is obvious that a qualita-
tive approach to compare them would be uneasy.

total RNA
mg/ 2 glands

-124

0
;“__.. 200X 300
€124 xs124

t (days)

Fig. 2. — Changes of tolal RNA during the last instar
for several strains.
Experimental data :
610
10
cl24 x 5124
124
2000 < 300

Kurata el al. [9]

Prudhomme [7].
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[t eee {products ol degradation)
degradation
level
P -
_______________________________________________________ -
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RNA + PROTEINS s ; Ok
i
- = esnt? I
aminuacids SILK E
nucleotids 1
j i
[ !
¥ ]
DNA -==-3m - H
transcription e S e o
level / translation
‘ RNA
Y16, 3. — Scheme of molecular system associaled (o our model.
(4, ¢, e, have the same meaning that in 1.1).
Tasre .
Vollerra-Koslilzin model :
estimations of paramelers for the tolal RNA in some strains.
Parameters eslimalions
Hpai Number —— SRE, -
FUraEn of data - - A silk
i b, 102 ¢, 10 o product.
Untreated 8 0.704 0.110 0.412 0.385 350
worms (1)
{Ceeated 13 0.665 2.620 0.141 0.178 550
worms (1)
Ireated 10 0.657 2.526 0.141 - -
worms (9)
200 - 300 (3) 15 0.791 6.643 0.279 0.187 380 (4)
610 (2) 12 0,498 0.707 0.123 1.470 565
10 (2) 12 0.940 6.830 0.246 0.368 310
124 (2) 12 0.534 0.116 0.198 1.010 435
Gttt 14 0.660 - 1.780 0.393 0.842 390

(2)

origins
of data

BIOCHIMIE, 1979, 61,

(I) Kurata et Daillie [8]
(2) Kurata ef al. [9]

(3) Prudhomme [7]

(4) Fayard [20]

(5) without considering dala of the three first days.

1 B
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TanrLe II.

Comparisons of paramelers values for total RNA between several
strains by a test on a Fisher-Snedecor variable F,

values of variable F for each par,

STRAIN(1)] STRAIN(2)| d.f F(a) | F(b) F(e) | F(g,)
HRBRE 13 ]0.036 | 0.160 | 4.456 | 1.46
ki L1111
200 x 300 $ 15 | 0,178 1.276 1.270 1.46

610 12 | 0.346 | 0.007 | 4.570 | 1.42
untreated : . o
sy Y
10 ;12 [ 0.387 | 0.717 | 1.400 | 0.003
124 ;12 [ 0.278 | 0.6 10%| 2,240 | 1.08
el24xs124| 4 514 | 0.179 | 0.08 | 0.21 1.90
200 x 300 ;20 [ 1.40 | 14.8 | 170.3 | oo
QLT
610 ;17 | 0.447 | 0.353 | 0.43 | 2.94
tovaced 10 517 | 0.977 | 1.094 | 6.23 0.50
e L
124 ;17 | 0.349 | 0.574 | 2.92 | 2.9
124 xs124( 4 ;19 | 0.006 | 2.482 | 32.4 | 6.72
[I111010001111)
610 319 [ 1.420 | 4.030 | 39.13 | 3.23
LI LTI 110
10 ;19 | 0.300 | 0,003 | 0.71 | 0.50
200 x 300
124 519 | 1.350 | 4.620 | 6.96 | 3.16
IRV SN v ANy,
cl24 xs124| 4 5 21 | 0.490 | 10.8 7.93 | 7.09
LA [0 L2200 1111
10 ; 16 | 1.395 | 1.437 6.10 | 1.80
L1111
610 124 ;16 | 0.012 | 0.017 | 3.16 | 0.25
L1111
elzdxsl24| 4 ;18 | 0.358 | 0.381 | 28.03 | 0.66
i

So the authors have attempled o stalistical ap-
proach (regression, correlations... cf. for instance
Rurata et al. '9), linking some particular charac-
leristics of the average curve (ie. position of the

BIOCHIMIE, 1979, 61, n° 2.

maximun, folal area...) with others resulls un
DNA quantities or silk production, for example.
But, despite some correlations, such approaches
are limited particularly from a point of view of
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values of variable F for eacn par.

STRAIN (1)| STRAIN(2)| d.f Fla) F(b) F(t) | F(a,)
124 4 ;16 1.308 1.682 0.81 1,27
10
cl2¢ xsl84| 4 ; 18 D.765 3.410 6.07 1.67
LI 11111111
124 cl24 %8124 4 ; 18 | 0.263 0,215 12.94 0.10
1001111

The significant differences at the eritical point o = 0.05 are hachured.
The column d.f contains the degrees of freedom of the FF variable.

mechanism analysis, Thus, once again we have at-
tempted an analysis of data on the basis of the
proposed model,

After the estimation of parameters values, we
have first compared globally the results (i.e. the
four components vectors of parameters values), it
appears significant differences between all the
strains except between untrealed worms of the
previous experiment and the strain G124 x S124
of Kurata’s measurements (I' ~ 3.9 whereas F
(« = 0,05) ~ 4.2) particularly if we consider the
other values of the calculated F variable which
are all grealer than 10. In fact this result is a kind
of a confirmation of the statistical approach since
these worms come from the same strain, the place
of experiments bul just differs.

If we look at the table 2 we nole, once again,
the importance of parameter e lo discriminate bel-
ween the RNA accumulation. The synthesis para-
meter a is never significant, and parameter b pre-
sents few differences in spite of absolute large va-
riations, In fact this last parameter is badly esli-
mated (greal variance), thal is to say that the res-
ponse of the model is not very sensitive to a varia-
tion of this parameter. We suggest thal b can be
explained more as a measure of spatial constraints
(i.e. the number of ribosomes is limited in space,
it certainly depends of the size of gland cells).

2.3. Discussion,

Consider the proposed model of global mecha-
nism 37, it can be more explicilly written with
some assumed interactions as shown in ligure 3.

In the following discussion we refer lo this glo-
bl scheme.

A first conclusion deals with the apparent sla-
hility of parameter a which can be seen either as
a slable production of RNA polymerases, or as a
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limited synthesis due to the limited amounts of
DNA : the amount of DNA is at most multiplied
by 4 during the last instar (Gillot and Daillie
[12]), while the amounts of total RNA is on ave-
rage inereased by 25. That involves quasi stability
of transcription rates.

Now consider the variations of parameter ¢, lo
complete the results summarized in table 1 and 2,
we have computed the Spearman rank coefficient
of correlation between the production of silk and
the values of parameter ¢, we have found r, =:
— 0.75 whereas the critical value is -— .71 for the
crilical point o = 0.05, then a negative correla-
tion can be reasonnably assumed : the increase of
the production of silk secms to be linked with a
decrease of the value of parameter e,

Two alternative hypothesis can be e¢nounced
about the localizalion of the variation of this pa-
rameler ; for example if we consider an increase
of e, it may be related to :

i) An increase of the rate of Lhe protein syn-
thesis ¢;, with a constant RNAuase activity (¢, =
est), and a feed-back elfect on tolal amount of
RNAase which would imply a decrease of RNA
quanlities by an increased degradation.

i) An increase of RNAase aclivity e,, with a
constant rale of the synthesis of proteins (¢, =
cst),

Now, on the one hand according to our scheme
it appears that the quantity of P can be conside-
red roughly as proportionned to the total produc-
tion of proteins,

On the other hand if we assume thal the produc-
lion of silk is a good picture of tolal proteins syn-
thesis, il becomes possible to check these hypo-
thesis by considering first that ¢, is constant and
arbitrary fixed to I, and second that ¢, is constant
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and arbitrary lixed to 1. Obviously in the two

cases the variations of  are the same for each va-
lues of ¢, but not the amounts of proteins.

silk production P P
mg G G
| Jr
-
e
P
ya
6001 7 1.0+60

500 09150
400 0.8| 40
300 o730
200 T T T T -J—-h-
o 0.1 0.2 0.3 0.4 0.5 C
F16. 4. — Comparison between silk production and

variations of parameter ¢. ftest of hypothesis (i)
and (if).

® points obtained from experimental results
average curve for experimental data simulated
curve (a = 0.7, b = 0.06).

----- with hypothesis (i) : increase of the rate of
proteins synthesis.

...... simulated curve for Lhe same values of para-
meters with hypothesis (i) increase ol the

RNAase activity.

Thus we have computed the asymptotical values
of P’(e) with fixed values of a and b for cach hypo-
thesis. The resulls are plotted in figure 4. It ap-
pears that the obtained curves have complete op-
posite shupes which leads lo aceept the second
hypothesis and to reject the lirst one.

Therefore, in the framework of our model, the
variations of parameter ¢ seems lo be associated
to changes at the RNAase level, either of the rate
of RNAse production or of the affinity of that en-
zyme for RNA. The increase of protein synthesis
would be more a consequence of an increase of
the amount of BNA (regulated by degradative ac-
tivity), than an increase of the synthesis rate of
proleins.

However in the proposed model a, b and ¢ are
constant parameters, then it doesn’t include pos-
sible changes governed by the stopping of feeding
of the silkworm before spinning cocoon. Such a
phenonmienon should lead to a relative decrease of
cell metaboliles, such as aminoacids and nucleo-
tides, thus to limit the svolhesis rale after this
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stopping. A more accurate model whould to take
in account a such peculiarity, for example the
Volterra-Kostilzin  model with variable paranic-
ters function of «inputs » such as feeding.

But, on the one hand, it seems that the starva-
lion doesn’t provide the same effect on the RNA
kinetics if the feeding is experimentaly stopped
or if the silkworm stops itself its alimentation
[6] : in the first case il appears a disconlinuity
of RNA changes while in the second case the va-
riation seems to be continuous. In fact just before
and during spinning, it seems that some tissues
of the worm are partly degraded, but not, or less,
if starvalion is experimenlally induced [13]. Then
it is possible to consider that such a degradation
provides amino acids and nucleotides and then
limit the decrease of parameter a (i.e. to remain
almost constant the protein synthesis al least for a
limited time). Thus to consider this parameter
constant is a reasonable constraint although it is,
obviously, a simplification,

On the other hand, the exact time of nafural
stopping of feeding is not well known and never
indicated in the studied experimental vesulls.

Therefore we have limited our analysis to the
use of the Volterra-Kostitzin model with constant
parameters. However we think that in the future
it will be interesting and perhaps necessary, fo
take in account variable parameters.

3. CoNCLUSION.

Our resulls lead to suggest some hypothesis on
the studied system of protein synthesis, particu-
larly the apparent stability of the translation and
transeription levels, An increase of the production
of proteins seems to be more relevant of RNA
quantily than an increase of the rates of the above
mentionned mechanisms. The RNA quantity itself
seems to be governed essenlially by a degradative
activity where the involved operator would be (he
RNAsc. [1 appears that this last process has a grea-
ter sensitivity to an external action than purely
anabolic ones, it could be related 1o the develop-
ment of the silkworm along the last instar where
degradative processes are probably the most sen-
sitive ones because they change before to reach
the larvo-nymphal molt, while the synthesis pro-
cesses are involved since the beginning of the
worm life,

Then an inlerpretation of the effects uf selection

can be attempted : the selection has heen applied
on silkworm with the purpose of increasing silk
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production. It seems that it has induced a deerease
of degradative rates rather than an incerease of
svuthesis rates.

We think that such results enhance the interest
ol the study of dynamies of molecular processes,
that is lo say to take up the work of cell machi-
nery. Our approach based on global models of
dynamics ol populations could provide a possible
framework for studying molecular syslems, Howe-
ver, it is important to nole that a such dala ana-
Iysis gives more hypothesis on involved meeha-
nisms, which can be tested by experimental ways,
than an absolute answer to Biologist’s questions :
this [ype of approach cannot provide more infor-
malions than the input data do, it is only a possi-
ble tool to deal with experinental informations
and Lo propose further development of experimen.
lal approaches.

APPENDIX.

We just summuarize how resulls enounced in sec-
tion 1.2, are obtained more details can be found
in Boisvienv 14|, Fleteher [15], Harwell [16],
Morrisson (17|, Ponlriaguine [18) and Vila 19).

1. Solalion of minimization problem of the leus!
squares function.,

Consider the leasl squares [unction

n
SU0) = X (qlty, ) - g2 (A1)
i 1

Where (b, 0) are implicil funetions of parame-
ters defined by the differential system

dq
— = aq - by - eql
dt
(A2)
dpr
a1
for time values t,, |, ..., b vy Bl

Ui s the experimental value oblained at {ime I
and 0 is the vector of parameters

LCI - -

(E(I

A minimum of S(0) corresponds to a solution of
the system :

as (0)
an
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as (0)
atid =:2

20;

aqlt, 8)

an.

1

(A3)

2:‘ (q(!i! 0) - q.)
1

Where 0, is one of the paramelers : a, b, ¢, or q,.

I qlty, 0) is explicitly defined (analytical solu-
lion of the associaled differential system), then
partial derivatives relatively to paramelters can
be caleulated, and it is possible to use a numeri-
cal procedure to [ind a solution of the non linear
system (A3). In thal case a Gauss-Marquart method
is well adapted (ef. Fletcher in Harwell Lib, [16]).

A sume procedure can be used in our cuse be-
cause if no explicit solution is kown, however nu.
merical eoulnation of q{t, 8) and of partial deriva-
ltive can be oblained by numerical integration for
a current value of parameters (we have used u
Runge-Kulta method of order %), If this procedure
is classical for the function q(t, 0) it is not yet the
case for partial derivatives, so we shall briefly
show how simultaneous computing of these terms
is possible,

If we denote ¢ the right hand side of the diffe-
renlial equation reluted to (, we have by derivu-
tion of each term (¥)

O oq

0 dg O
( ) 20, ™ 2q o0,

an. dt

And for each purameter we have

d 3q aq

d ( ] =4+ (a-2bg-cP) ———

di |\ 2a <

d 2q oq
,( il ) = (l:.' —+ (a = '_).bll - C]’J T

di ob oh

d aq 4
e ql 4 (a - 2byg - el’) — —

dt ( oc ) l : oc

d 2q oq

___(. ) = (a - 2bq - ¢P)——
dt a,, aq,

This is an ordinary differential system for par-
tial derivatives of  relalively to parameters. Then
these partial derivatives can be oblained by nu-
merical inlegration simultaneously with ovalues
of q(t, 0), with the initial conditions :

| °q | ®q \
%a | ., ©b | _ . ®c e

And

aq

= L(ef. Ponlriaguine [18] p. 202).
2q,

1
|
|
‘l o

(%) Unly variable q is measured so,
in a first approximation, we have considered
P ods a constant function of parameters (p(t)
fixed, and determined from initial values of
parameters).
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Note that all numerical procedures of minimiza-
tion of S(0) need initial values for parameters. In
our case it is easy lo find such initial conditions :

From (A2) we can write :

o t,
q(t) = a/ q(t) dt -+ b [
L [(J . tD

The different integral terme can be estimaled
from experimental data by numerical integration,
rather than classical trapeze or Simpson methods,
we have used spline functions, which ensure good
numerical properties, to solve this problems. Then
an initial value can be obtained by «a linear regres-
sion.

2. Statistical point of view of parameler estima-
tion.

The previous procedure gives esltimalions of pu-
rameters, confidence region can be obluined for
the vector O in Rv (in our case p = 4, it is the
number of paramelters),

Under assumptions on meuasure errors (i.e. Gaus-
siun errors), the least squares method is identical
to the maximum likelihood method, then an esti-
malion of covariance matrixz can be found al the
end of minimizalion procedure above defined.
Theaorically, we have [ollowing results, us the esti-

A

mator O is assymptotically distributed fallowed a
gaussian distribution N(6*, 3 0)

o A 2
0 -0y 2’6 (0 -6) = 2, (AD)

Where 0" is the « real » value of the parameters
veclor, y2 is the chi-square variable with | de-
grees of freedom. And the covariance malrix of
paramelers is

3p = a* (D" D)

o* is the variance of errors und D is the matrix
of partial derivatives of functions ¢ reluatively to
puramelers, for paramelers values oblained al the
end of the minimization procedure. D is an nxp
muatric (n is the number of experimental dala and
p the number of parameters) :

(AG)

[ 2q;
ah

D -

al s (g = alt, 0)
0.

On the one hand, from (Ad) and (AG), il comes

! (o3 L.;)n D'l = =
sk BT R p

(AT

On the other hand we huave

1 . 1
S (/) R

a- i 07

QilEs ) - gl = xhs
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A. Pavé.

then
1 . 1 \
o Sy = Yinn A8
(n-p)q* ) n-p Ly L
- 1,
q=(t) dt 4 L'J ; q(t) f(t) dt + q,
dividing (A7) by (A8) it comes
(n-p) . %L
o 0" - 0) D (G-0) = — I
pS(0) (U] 0) (0-10) 22, /(n-p) Fe,

then the confidence domain in Re at the level 1-u
is yiven by
(n-p)
=

p S(0)
where 1'» s the value of the Fisher-Snedecor
variable with p and n-p degrees of freedom, for
the crilical point « (generally one lakes v — 0.05),

0% -0) I’D (0° -0) — Fo

np

(A9)

A
and O has the found value of purameters at the end
of the minimization procedure. From (A8) il
comes
2 P
¥ iy v
S(0) = g2 b ot
then
.3 o
E(5(0)) = 6* (n-p)
~ ' Fas
a E(S(0))
G2 = T
n-p
Thus an unbiuised estimator of o2 is
A
m S (0)
g? =2
n-p
and an estimalion of the covariance malric of pu-
ramelers can be proposed al the minimum of the

”
lust squares funclion (i.e. 0 has the [ound value of
puramelers, as above menlionned) :

“r S(0)
20 = (DDt (A10)
n-p
(AY) cun be written
l A A 1
— (0-0) 3~ (0-0) = Fr_ ..
. (0-07 X3 (0-0) = FL,,,

From his last formula it is easy on the one
hand lo propose a lest for comparison of two
experiments globally, on the other hand to built
test lo compure lwo eslimalions of a parameler
0; (theses lests are derived by analogy with lests
of mean veclors and of linear functions of means).

i) Global test

We have
1

i B e DY ch 2 M)
P -0 )'uAi—ﬁ.. W =00 = BL s - i (411)
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where 3§ ) is the estimation of the cova-
riance malriv of the difference belween the esti-
mation 6, of paramelers vector for the first experi-
ment (with data number n,) and the estimation of

puramelers veclor ), oblained in the second expe-
riment (where the number of data is n.) :

~ (o -p) :-’;‘.[T] + (n,-p) i‘r?ﬂ

fl 2t -
n; 4+ na — 2p

oA
X0,-0,

if) individual lest for paramelters.
The test to compare (wo values of a paremeler is

ol
2
0y +ng-2p

(A12)

p((ng-p) sf + (ny-p) sy)

where

6.].1 (resp. ?},2) is the estimation of parameter
0; for the 1+t (resp. 24y set of dala,

n, (resp. n,) is the number of data in the 1+
(resp. 24) set of data.
) s3) (re;sp. S
0;; (resp. 0,,) that is to say the jji element of ma-

is the estimation of variance of

trivz Xh (resp, X790 ).

This lest gives an answer to the null hypothesis

A A
(i.e. the difference belween 0;, and 0;, can be ex-
plain, or nol, by random effects such as noises on
measures, sumpling process...).

However it is desirable to specify some prac-
tical difficullies in the nse and involved conclu-
sions of such procedures. Firstly, il is well known
that in non linear cases there is oflen not only
one minimum for the least squares function, so to
avoid erroneous conelusions we have applied sys-
tematically to each sel of dala to be compared the
minimization procedure by choosing as slarting
valiees of paramelers the previonsly found values
obtained for all the other sets of dalu (for exam-
ple, for total BN we had 7 sets of data, then 42
compulalion have been done, and always the same
minimum has been [ound for each evperiment),

Secondly, the estimution of covariance malrix
is not always very good often becanse the hypo-
thesis on errors of measures are very simple and
the power of the tesl have to be considered, in
fact the second one has a bad power, which is
illustrated when significant difference is observed
[for the vector § but not for the parameters taken
individually. Thus statistical coneclusions have lo

BIOCHIMIE, 1979, 61, n° 2,

tauke in account such considerations. However, in
spite of these problems, we think that it is belter
to follow such a way rather than to limit analysis
on compurisons of absolute values of parameters
which negect the variabilily of estimations (in our
model the case of parameler b is a good example
in that direction) a such approach permits, al
least, lo find [or instunce the best discriminant
parameler. In any case when more complex hypo-
thesis are suggested by experimenial features then
simulations methods can been used to approach
parameters distribution.

3. Results.

The results of compulations are summarized in
tables | and 11.
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